Wavelet transform or wavelet analysis has been recently developed as a mathematical tool for many problems. This paper is concerned with the wavelet numerical method for solving partial differential equations (PDE's). The method is based on discrete wavelet transform, using Chebyshev Wavelet Method (CWM) which can be used for solving fractional differential equations. Interest in solving the problem using the Chebyshev wavelet basis is due to its simplicity and efficiency in numerical approximations. Four numerical examples were shown and the results demonstrated that the proposed way can be quite reasonable while compared with exact solutions.
Introduction
Mathematical model of a system usually consists of solving ordinary and partial differential equations [1, 2] . Adaptive numerical techniques for approximating the numerical solutions of these equations have attracted the attention of researchers since many years ago [3] . Several different methods have been applied for solving these problems, which include finite difference method, finite element method, Laplace transform method and other numerical methods. During previous years, the issue of wavelets has influenced major regions of pure and applied 494 E. Hesameddini, S. Shekarpaz, H. Latifizadeh mathematics, especially in the numerical analysis of differential equations [4, 5] . Wavelets are established as a strong novel mathematical implement in signal processing, turbulence problem, simulation and time-series analysis [6, 7, 8] .
In the recent years, strenuous action and interest have been shown in the usage of wavelet theory and it's related multiresolution analysis [4, 9] . The substantial scheme back of the wavelet decomposition is the compressing representation of wavelet-based functions. In wavelet methods, the geometric region and functions are represented in terms of wavelet series defined in a certain domain. Also, by transforming the differential equations to some weak forms, all of them along with the unknown functions can be represented on the same basis [10, 11, 12] . Another region of remarkable interest is the study of fractional differential equations [9] .In this paper, the dynamics of the so-called driven fractional oscillator is probed. This fractional oscillators are obtained by replacing the second-time derivative term in the corresponding harmonic oscillator by a fractional derivative of the order α considering that 1<α2  . The fractional derivatives were considered in the Caputo sense [13, 14] . The general response expression contains a parameter describing the order of the fractional derivative that can be varied in order to obtain various responses. In the case of α2  , the fractional system of oscillators reduces to the standard system of simple harmonic oscillators. Some aspects of such a system have been studied previously by other researchers [14] . The aim of this paper is to solve these problems via a novel method based on Chebyshev wavelets [15, 16, 17, 18] . So, in order to obtain solutions for fractional oscillators, compactly supported, orthonormal and continuous wavelets are applied, which are especially constructed for the bounded interval. Since chebyshev wavelets combine orthogonality with localization and scaling properties, naturally, there is an attempt to use these functions for the numerical approximation solutions of PDE's [19] . The method presented here consists of reducing fractional differential equation to a set of nonlinear equations by expanding unknown functions in terms of wavelets with unknown coefficients. The properties of scaling functions and wavelets [20] are then utilized for evaluating the unknown coefficients. This paper is organized as follows: in Section 2, some preliminary definitions of the fractional calculus are presented. Section 3, is devoted to the multiresolution approximations and wavelets to formulate the chebyshev wavelets. In Section 4, the proposed method is used for approximating the solutions of fractional differential equations. And finally, the numerical results are expressed in Section 5.
Some Preliminary Definition of the Fractional Calculus
In this section, some required definitions and mathematical notations of fractional calculus theory which are applied in this paper are given.  is defined as
Properties of the operator α J [18, 19] are mentioned in the following way:
Definitions 2.3:
The fractional derivative of f(x) in Caputo sense is defined as
fC  [17] . Also, two basic properties of the Capoto's fractional derivative are needed which are described in the following forms;
The Caputo fractional derivative is perused here whereas it allows traditional initial and boundary conditions to be included in the formulation of the problem.   is defined as follows;
For more information on the mathematical properties of fractional derivatives and integrals, see [9, 13, 14, 16, 17, 18, 19] . For real α>0 (later, only for 1<α2  ), consider the fractional differential equation
where ω is an arbitrary constant and f (t) a given continuous function. Here, m is an integer uniquely defined by m-1<αm  , which provides the number of the prescribed initial values k u (0)=c , k=0,1,...,m-1. k
Equation (3) is called the fractional oscillation equation for 1<α2  , the fractional relaxation equation for 0<α1  and the fractional growing oscillation equation corresponding to 2<α3  . The fractional derivative in Equation (3) is considered in Caputo sense.
Chebyshev Wavelets and their Properties
In this section, the general definitions of wavelets are introduced. Also, the Chebyshev wavelets and their main properties are illustrated.
Wavelets and Chebyshev Wavelets
Wavelets are a family of functions which are derived from the family of scaling functions { :
For the continuous wavelet, the following form can be presented: 
then, the family of discrete wavelets are shown as follows: Because of the orthogonality, in this form of Chebyshev wavelets the weight function ω(t)=ω (2 t-1) should be dilated and translatd to k n ω (t)=ω (2 t-2 n+1) . 
Function Approximation
If the infinite series in Eq. (9) is truncated, then this equation can be written as: 
be a set of collocation points as follows:
Thus, the Chebyshev wavelet matrix m×m Ψ can be defined as:
For instance, when k=2 and M=3, the following matrix can be presented:
Application of the CWM for Solving Fractional Differential Equations
In this section, the CWM is applied for solving a system of driven fractional oscillators with the common form as follows;
with the initial conditions;
where is the natural frequency and f(t) is a given continuous function. By applying the CWM for approximating the solutions of this problem, (13) can be rewritten as follows; 
Numerical Results
In order to demonstrate the validity of the proposed method, three examples are examined and the approximations of solutions are compared with the exact solutions or solutions obtained using other methods.
Example 1.
Consider the following system:
subject to the initial conditions;
A simple harmonic fractional oscillator is described using this equation and the forcing function in this case is f(t)=0. Thus by inserting Eq. (10) Table 1 . By setting α=2 in Eq. (17), the solution of a simple harmonic oscillator is obtained and expressed by u(t)=cos(ωt) . 502 E. Hesameddini, S. Shekarpaz, H. Latifizadeh Figure 1 demonstrates the progress results for α=2, α=1.9 and α=1.7 . The comparison of these results shows how the relocation of the fractional oscillator varies as a function of time and how this time change depends on the parameter α . Also, the behavior of the driven fractional oscillator is similar to that of the damped harmonic oscillator, where the locomotion is yet oscillatory, whereas the assembled energy decreases and the phase plane diagram is no longer a closed curve, but a logarithmic spiral. The results of these computations, for different values of α , are convergent to the solutions obtained by setting α=2 . Example 2. Now, the following fractional differential equation is considered:
Which is subject to the following initial conditions
where the forcing function is the step function that is defined by
Similar to the procedure used in Example.1, (21) can be written as Table 2 . 
By expressing f(t) in terms of Taylor series at x=0 , one obtains;
Thus, pursuant to CWM, the following is obtained; Table 3 . The results of this method for different values of α (1<α 2)  and the sinusoidal function are convergent to the analytic solutions with α=2 . Also, Figure 3 shows the numerical results for α=2, α=1.9 and α=1.7.
Discussion
The principal target of this paper was to compute numerical solutions for a system of driven oscillators. Several numerical methods were used for solving fractional differential equations, and the wavelet techniques were described as a numerical tool for the fast and accurate solution of these differential equations [9, 19] . In the present work, the Chebyshev wavelet method was executed for solving fractional differential equations. Note that, in the Chebyshev wavelet method, the values of integrals were evaluated very accurately because; the bases of Chebyshev wavelets were polynomials of different orders. Thus, using this method, the problem was transformed to a system of nonlinear equations and satisfactory approximations were obtained for the solutions.
Conclusions
Numerical results proved higher ability of the proposed technique compared with that of the other methods. All the examples showed that the numerical results of the CWM were convergent to the exact solutions with α=2 . On the other hand, the obtained approximations demonstrated that the behavior of the driven fractional oscillator was similar to that of the damped harmonic oscillator. It can be concluded that the displacement functions are able to describe the intermediate processes between exponential decay ( α=1) and pure sinusoidal oscillation ( α=2 ).
